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MODULE DECOMPOSITIONS USING PAIRWISE COMAXIMAL
IDEALS
GARY F. BIRKENMEIER AND C. EDWARD RYAN
Abstract. In this paper we show that for a given set of pairwise comaximal
ideals {Xi}i∈I in a ring R with unity and any right R-module M with gen-
erating set Y and C(Xi) =
∑
k∈N
ℓM (X
k
i ), M = ⊕i∈IC(Xi) if and only if for
every y ∈ Y there exists a nonempty finite subset J ⊆ I and positive inte-
gers kj such that
⋂
j∈J
X
kj
i
⊆ rR(yR). We investigate this decomposition for
a general class of modules. Our main theorem can be applied to a large class
of rings including semilocal rings R with the Jacobson radical of R equal to
the prime radical of R, left (or right) perfect rings, piecewise prime rings, and
rings with ACC on ideals and satisfying the right AR property on ideals. This
decomposition generalizes the decomposition of a torsion abelian group into a
direct sum of its p-components. We also develop a torsion theory associated
with sets of pairwise comaximal ideals.
1. Introduction
Throughout this paper R denotes a ring, not necessarily commutative, with
identity, and M denotes a unital right R-module.
Recall if M is a torsion abelian group, then M = ⊕C(Pi), where C(Pi) is the
p-component of M . Also, if R is semisimple Artinian, then M = ⊕ℓM (Pi), where
Pi is a maximal ideal of R and ℓM (Pi) = {m ∈ M | mPi = 0} is the homogeneous
component of Pi in M . It is natural to investigate a general decomposition theory
that includes the aforementioned decomposition results as special cases. In Section 2
we provide such a result.
In Section 2 we state a decomposition theorem which provides a decomposition
of a module as a direct sum of fully invariant submodules. Our main result, The-
orem 2.3, decomposes a right R-module M to a direct sum in terms of annihilator
submodules using a set of pairwise comaximal ideals of R.
Section 3 extends the primary decomposition of a finitely generated torsion mod-
ule over a Dedekind domain to certain kinds of noncommutative rings (cf. Theo-
rem 3.2).
We develop a preradical γ and its radical closure γ¯ based on Theorem 2.3 in
Section 4. Our main goal in this section is to obtain a decomposition of a module
into a direct sum of a torsion module and a torsion-free module (cf. Proposition 4.4)
under γ.
We write K ⊆M and K ≤M to denote subsets and submodules of M , respec-
tively. We say that a submodule N ≤ M is essential in M , denoted N ≤essM , if
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N∩K 6= 0 for any nonzero submoduleK ≤M . A submodule N ≤M is fully invari-
ant in M , denoted N EM , if and only if f(N) ⊆ N for every f ∈ EndR(M), where
EndR(M) = {h : M −→ M | h is an R-homomorphism}. If X ⊆ R, then the left an-
nihilator of X in M is ℓM (X) = {m ∈M | mx = 0 for all x ∈ X}. If N ⊆M , then
the right annihilator of N in R is rR(N) = {r ∈ R | nr = 0 for all n ∈ N}. The
singular submodule of M , denoted by Z(M), is Z(M) = {m ∈M | rR(m)≤essR}.
As in [17, p.123], we say a nonempty set of ideals {Xi}i∈I of R is pairwise
comaximal if and only if Xi +Xj = R for all i, j ∈ I with i 6= j.
2. Decomposition Theorem
In this section we develop a decomposition theorem, Theorem 2.3, which provides
a basic decomposition of a module into a direct sum of fully invariant annihilator
submodules. This result also generalizes the well known result that a torsion abelian
group is a direct sum of its p-components.
We make repeated and implicit use of the following lemma, which lists some
properties of a finite collection of pairwise comaximal ideals of a ring. These prop-
erties are well known.
Lemma 2.1. (1) If {Xi}ni=1, n > 1, is a set of pairwise comaximal ideals of
R, then
n∑
i=1
( ⋂
j 6=i
Xj
)
= R =
n∑
i=1
(∏
j 6=i
Xj
)
.
(2) If {Xi}ni=1 is a set of pairwise comaximal ideals of R, then Xi+
⋂
j 6=i
Xj = R.
In particular, if each Xi 6= R, then
⋂
j 6=i
Xj 6= 0 for all i.
(3) If {Yi}ni=1 is a set of ideals of R such that
n∑
i=1
Yi = R, and we define
Xi =
∑
i6=j
Yj, then
n⋂
i=1
Xi =
∑
σ∈Sn
Xσ(1)Xσ(2) · · ·Xσ(n), where Sn is the set of
permutations on n letters.
(4) If X,Y E R are such that X + Y = R, then Xm+ Y n = R for each pair of
positive integers m,n.
Definition 2.2. Let X be an ideal of R, and M be an R-module. We define the
component of X in M to be C(X) =
∑
k∈N
ℓM (X
k).
Theorem 2.3. Let X = {Xi}i∈I be a nonempty collection of pairwise comaximal
ideals of R, and let Y be a generating set for M . Then:
(1) for each y ∈ Y , there exists a finite subset J ⊆ I such that ⋂
j∈J
Xj ⊆ rR(y)
if and only if M = ⊕i∈IℓM (Xi);
(2) for each y ∈ Y , there exists a finite subset J ⊆ I and positive integers kj,
j ∈ J , such that ⋂
j∈J
X
kj
j ⊆ rR(y) if and only if M = ⊕i∈IC(Xi).
Proof. (1) The proof of (1) is similar to that of (2).
(2) (⇒) Let 0 6= y ∈ Y . Then rR(yR) ⊇
n⋂
i=1
Xkii for some Xi ∈ X , ki ≥
1, since
n⋂
i=1
Xkii is an ideal of R. We can write y as y = yx2,1x3,1 · · ·xn,1 +
yx1,2x3,2 · · ·xn,2+ · · ·+yx1,nx2,n · · ·xn−1,n, where xi,j ∈ Xkii and x2,1x3,1 · · ·xn,1+
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· · ·+x1,nx2,n · · ·xn−1,n = 1, since {Xkii }ni=1 is pairwise comaximal. Note that the ith
term of the sum is an element of ℓM (X
ki
i ). Thus y ∈
∑
X∈X
C(X), soM =
∑
i∈I
C(Xi).
To show that {C(X) | X ∈ X} is an independent set, take X ∈ X and a finite
subset {Xi}ni=1 of X not containing X . Notice that rR
(
ℓM (X
k) ∩
n∑
i=1
ℓM (X
ki
i )
) ⊇
rR
(
ℓM (X
k)
)
+
n⋂
i=1
rRℓM (X
ki
i ) ⊇ Xk+
n⋂
i=1
Xkii = R for any k, ki ≥ 1. Thus ℓM (Xk)∩
n∑
i=1
ℓM (X
ki
i ) = 0 for k, ki ≥ 1, so C(X) ∩
∑
X′ 6=X
C(X ′) = 0. Therefore C(X) | X ∈
X} is an independent set.
(⇐) Let y ∈ Y . Then y = y1 + y2 + · · ·+ yn for some yi ∈ C(Xi) with Xi ∈ X ,
1 ≤ i ≤ n. For each i, there is a minimum power ki for which yi ∈ ℓM (Xkii ). Thus
we have rR(yR) ⊇ rR
(⊕ni=1ℓM (Xkii )
)
=
n⋂
i=1
rRℓM (X
ki
i ) ⊇
n⋂
i=1
Xkii . 
Note that in the above result, each ℓM (Xi) E M , and each C(Xi) E M . Hence
if M = ⊕i∈IℓM (Xi) or M = ⊕i∈IC(Xi), then End(MR) =
∏
End
(
ℓM(Xi)R
)
or
End(MR) =
∏
End
(
C(Xi)R
)
, respectively.
For another immediate example illustrating Theorem 2.3, let {Xi}i∈N be a set of
pairwise comaximal ideals of R and M = ⊕i∈NR/X ii . For any m ∈M , there exists
a finite nonempty subset J ⊆ I such that ⋂
j∈J
Xjj ⊆ rR(mR). By Theorem 2.3,
M = ⊕i∈IC(Xi). Note that C(Xi) = R/X ii for each i ∈ N.
Corollary 2.4. Let {Xi}ni=1, n ≥ 2, be a set of pairwise comaximal ideals of R,
and let A =
n⋂
i=1
Xi. Then:
(1) A ⊆ rR(M) if and only if M = ℓM (X1)⊕ · · · ⊕ ℓM (Xn);
(2) M¯ =M/MA = ⊕ni=1ℓM¯ (Xi).
Note that Corollary 2.4 can also be proven using the Chinese Remainder Theorem
(cf., e.g., [14, p.131]).
Recall that a prime Goldie ring R in which each nonzero ideal of R is invertible
is called an Asano order (or an Asano prime ring [16, pp.146–150]). For example,
a Dedekind domain is an Asano order. The next result is an application of Theo-
rem 2.3 to rings with sets of commuting pairwise comaximal ideals. Note that in an
Asano order, multiplication of maximal ideals is commutative, and every nonzero
ideal is a unique product of maximal ideals.
Corollary 2.5. Suppose that {Xi}i∈I is a set of commuting pairwise comaximal
ideals of R (i.e., XiXj = XjXi for all i, j ∈ I). Let M be a nonzero R-module and
Y a generating set of M . If, for every y ∈ Y , there exists a finite subset J ⊆ I and
positive integers kj such that
∏
j∈J
X
kj
j ⊆ rR(yR), then M = ⊕i∈IC(Xi).
Proof. The corollary follows from Lemma 2.1 and Theorem 2.3. 
Corollary 2.6. Let R be an Asano prime ring and {Xi}i∈I be the set of maximal
ideals of R, and let Y be a generating set of M . If rR(yR) 6= 0 for all y ∈ Y , then
M = ⊕i∈IC(Xi).
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Note that Corollary 2.6 generalizes the well-known theorem that every torsion
abelian group is the direct sum of its p-components. That is, in the case where R =
Z and M is an abelian torsion group, then Theorem 2.3 yields the decomposition
of M into its p-components.
A natural question to ask is: “Under what conditions can we guarantee that
each annihilator direct summand of the decomposition afforded by Theorem 2.3
or Corollary 2.4 is nonzero?” For example, take R = Z, and let M = Z2 ⊕ Z3.
Consider {2Z, 3Z, 5Z}. Then the conditions of Corollary 2.4(1) are satisfied, so
M = ℓM (2Z)⊕ ℓM (3Z)⊕ ℓM (5Z). But ℓM (5Z) = 0.
The next theorem gives a set of conditions which ensures the non-triviality of
the direct summands.
Theorem 2.7. Let {Xi}i∈I be a family of pairwise comaximal ideals of R. Then
M = ⊕i∈IℓM (Xi) and each ℓM (Xi) 6= 0 if and only if
(1) for every m ∈ M , there exists a nonempty finite subset J ⊆ I such that⋂
i∈J
Xi ⊆ rR(mR); and
(2) for every Xj, j ∈ I, there exists m ∈M such that for some nonempty finite
subset J ⊆ I with j ∈ J , ⋂
i∈J
Xi ⊆ rR(mR) and
⋂
i∈J−{j}
Xi * rR(mR).
Proof. ⇒) Suppose thatM = ⊕i∈IℓM (Xi) and each ℓM (Xi) 6= 0. By Theorem 2.3,
for every m ∈ M , there exists a nonempty finite subset J ⊆ I such that ⋂
i∈J
Xi ⊆
rR(mR). Let j ∈ I. Since ℓM (Xj) 6= 0, we can find a nonzero m ∈ ℓM (Xj). Then
rR(mR) ⊇ rRℓM (Xj) ⊇ Xj .
(⇐) By Theorem 2.3, M = ⊕i∈IℓM (Xi). If ℓM (Xj) = 0 for some j ∈ I, then for
every m ∈ M there exists a subset J ⊆ I with j /∈ J such that rR(mR) ⊇
⋂
i∈J
Xi,
which is a contradiction. 
The following examples illustrate some of the results of this section.
Examples 2.8. (1) Let X,Y, Z E R such that X + Y + Z = R.
Let T =


R 0 0
0 R Z
0 0 R

, and let M =


R
X+Z
R
Y+Z
R
X+Y
R
X+Y
R
Y+Z
R
X+Y
R
Y+Z
R
X+Z
R
Y+Z

, where RX+Y denotes
the factor ring of R by X + Y . Then
rT (M) =


(X + Y ) ∩ (X + Z) ∩ (Y + Z) 0 0
0 (X + Z) ∩ (Y + Z) Z
0 0 (X + Y ) ∩ (Y + Z)

 .
Let P1 =


X + Y 0 0
0 X + Z Z
0 0 X + Y

, P2 =


X + Z 0 0
0 Y + Z 0
0 0 Y + Z

, and
P3 =


Y + Z 0 0
0 R Z
0 0 R

. Then Pi+Pj = T for all i 6= j, and P1∩P2∩P3 ⊆ rT (M);
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so by Corollary 2.4,
M = ℓM (P1)⊕ ℓM (P2)⊕ ℓM (P3)
=


0 0 R
X+Y
R
X+Y 0
R
X+Y
0 R
X+Z 0

⊕


R
X+Z
R
Y+Z 0
0 R
Y+Z 0
0 0 R
Y+Z

⊕


0 0 0
0 0 0
R
Y+Z 0 0

 .
(2) Let R be a Dedekind domain and {P1, P2} a family of distinct nonzero prime
ideals of R. Suppose that M = R/P 21 ⊕ R/P1P2. Then X1 = P 21 and X2 = P2
are two ideals of R such that (1) P 21P2 = rR(M) = X1 ∩ X2 and (2) X1 +X2 =
R. Therefore, M = ℓM (X1) ⊕ ℓM (X2), where ℓM (X1) = R/P 21 ⊕ P2/P1P2 and
ℓM (X2) = 0⊕ P1/P1P2.
Lemma 2.9. Consider the following conditions on R:
(1) R/P (R) is quasi-Baer,
(2) Every prime ideal of R contains a unique minimal prime ideal, and
(3) Every pair of distinct minimal prime ideals is comaximal.
Then (2)⇐⇒(3). Moreover, if R has only finitely many minimal prime ideals, then
(1)⇐⇒(2).
Proof. Suppose every prime ideal contains a unique minimal prime ideal. Assume
that there exist two minimal prime ideals P1, P2 of R such that P1+P2 ( R. Then
there exists a maximal ideal M such that P1 + P2 ⊆ M . Since M is maximal, M
is a prime ideal and P1, P2 ⊆M , which is a contradiction.
Suppose that every pair of distinct minimal prime ideals is comaximal. Assume
P is a prime ideal such that P1, P2 are distinct minimal prime ideals of R contained
in P . Then R = P1 + P2 ⊆ P , which contradicts P being a prime ideal. Thus P
contains a unique minimal prime ideal.
The equivalence of (1) and (2) in the case that R has only finitely many minimal
prime ideals is established in [4, Proposition 4]. 
Observe that Lemma 2.9 allows us to decompose a large class of modules over
such rings. Note that semilocal rings R with the Jacobson radical of R equal to
the prime radical of R, left (or right) perfect rings and piecewise prime rings ([3]
or [10]) are examples of rings R such that R/P (R) is quasi-Baer and R has only
finitely many minimal prime ideals.
Theorem 2.10. Let P = {Pi}i∈I be the set of minimal prime ideals of R, and let
K be a right R-module.
(1) Suppose that every prime ideal of R contains a unique minimal prime ideal.
Then rR(mR) contains a nonempty finite intersection of elements of P for
each m ∈M if and only if M = ⊕i∈IℓM (Pi).
(2) Suppose that R/P (R) is a quasi-Baer ring and I = {1, 2, · · · , n}. Then:
(a)
n⋂
i=1
Pmii ⊆ rR(M) for some ki ≥ 1 if and only if M = ℓM (P k11 )⊕ · · ·⊕
ℓM (P
kn
n );
(b) if M = K/KP (R) then M = ℓM (P1)⊕ · · · ⊕ ℓM (Pn).
Proof. The proof of (1) follows from Lemma 2.9 and Theorem 2.3, and (2) follows
from Corollary 2.4. 
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Note that for any ring R with only finitely many minimal prime ideals, R/P (R)
has a right ring of quotients which is quasi-Baer (e.g., its quasi-Baer hull) with only
finitely many minimal prime ideals [8, Theorem 3.13]. Moreover, if R is quasi-Baer
and P is a prime ideal, then either P = eR for some e = e2 ∈ R or PR≤essRR (cf.
[3, Proposition 2.2]).
The following corollary is an application of Theorem 2.10.
Corollary 2.11. Let T be an n× n generalized upper triangular matrix ring with
Rα the ring in the α-th diagonal entry, and Pα be the subset of T with 0 in the
α-th diagonal entry. Take A to be the intersection of the Pα, and let K be a right
T -module with M = K/KA. Then M = ℓM (P1)⊕ · · · ⊕ ℓM (Pn). Moreover, if each
Rα is a prime ring, then T/P (T ) is quasi Baer and Pα is a minimal prime ideal
of T .
Note that if R is a quasi Baer ring of T -dimension n, then R is ring isomorphic
to an n× n generalized triangular matrix ring T with prime rings on the diagonal
and with minimal prime ideals Pα, as in Corollary 2.11 (c.f. [2, Theorem 4.4] or
[10, p.162]). Also each Pα = eαT for some left semicentral idempotent eα ∈ T or
Pα is essential in T . Thus either ℓM (Pα) =M(1− eα) or ℓM (Pα) is a submodule of
Z(M). In particular, note that any piecewise prime ring satisfies these conditions.
Also observe that any right hereditary right noetherian ring is piecewise prime.
3. Strongly p-Nilary Decompositions
The main result of this section, Theorem 3.2, extends the characterization of
finitely generated torsion modules over Dedekind domains to a large class of non-
commutative rings. From [5], we use the following generalization of primary ideals
from commutative ring theory and related concepts.
Let I be an ideal of R. The pseudo-radical of I, denoted
√
I, is defined as√
I =
∑{V E R | V n ⊆ I for some n ≥ 1}. I is a strongly p-nilary ideal of R if
and only if
√
I is a prime ideal of R. Note that {0} is a strongly p-nilary ideal of
R if and only if the sum of all nilpotent ideals is a prime ideal of R. Also, a set
of strongly p-nilary ideals Q1, Q2, . . . , Qn of R such that I = Q1 ∩ Q2 ∩ · · · ∩ Qn
forms a minimal strongly p-nilary decomposition of I if and only if (1) for each i,
1 ≤ i ≤ n, I 6= ⋂
j 6=i
Qj, and (2) for any subset S ⊆ {1, . . . , n} with |S| ≥ 2, the ideal
⋂
s∈S
Qs is not strongly p-nilary.
The following lemma can be found in [5, Theorem 2.15].
Lemma 3.1. Suppose that R has ACC on ideals. Then the following conditions
are equivalent:
(1) For each pair of ideals A,B E R, there exists a positive integer k such that
Ak ∩Bk ⊆ AB.
(2) Each I E R has a minimal strongly p-nilary decomposition.
Theorem 3.2. Suppose that R has ACC on ideals, every pair of incomparable
prime ideals of R is comaximal, and for any ideals A,B E R, Ak ∩ Bk ⊆ AB for
some positive integer k. Let M be a nonzero right R-module.
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(1) If rR(M) 6= 0, then there exists a set {Pi}ni=1 of prime ideals and positive
integers ki, 1 ≤ i ≤ n, such that
n⋂
i=1
P kii ⊆ rR(M), each ℓM (P kii ) 6= 0, and
M = ⊕ni=1ℓM (P kii ).
(2) Suppose that {Qi}i∈I is the set of minimal prime ideals of R, with |I| ≥ 2,
and Y a set of generators of M . If rR(yR) 6= 0 for each y ∈ Y , then
M = ⊕i∈IC(Qi).
Proof. (1) The proof is similar to that of (2) and follows from Corollary 2.4.
(2) By Lemma 3.1, there exists a minimal strongly p-nilary decomposition rR(yR) =
n⋂
i=1
Xi, where {Xi}ni=1 is a set of strongly p-nilary ideals of R. We have the ex-
istence of a nonzero prime ideal Pi =
√
Xi and a positive integer ki such that
P kii ⊆ Xi ⊆ Pi for each i, since each Xi is finitely generated. Note that Pi contains
a minimal prime ideal, say Qi, and Q
ki
i ⊆ P kii . Then
n⋂
i=1
Qkii ⊆
n⋂
i=1
Xi = rR(yR),
Theorem 2.3 yields M = ⊕ni∈IC(Qi). Because rR(yR) =
n⋂
i=1
Xi is a minimal
strongly p-nilary decomposition, it follows from Theorem 2.7 that C(Qi) 6= 0 for
each i. 
Note that the class of rings which satisfy the condition that every incomparable
pair of prime ideals is comaximal is closed under taking direct products, matri-
ces, and generalized triangular matrices. Also, this condition implies that distinct
minimal prime ideals are pairwise comaximal, so that Theorem 2.10(1) may be
applicable.
Examples 3.3. Any finite direct sum of matrices over the following rings are
examples of rings satisfying the hypothesis of Theorem 3.2:
(1) any ring R such that R has ACC on ideals, every nonzero prime ideal of
R is maximal, and R has the right AR-property for ideals (cf. [13, pp.
190–193]). In particular, any Dedekind domain;
(2) right duo rings with ACC on ideals such that every nonzero prime ideal is
maximal (cf. [5, Theorem 2.15 and Proposition 2.16]). For example, any
generalized ZPI ring [12, pp.469–477] in which minimal primes are pairwise
comaximal (e.g., R=Z⊕ Zpn);
(3) local rings with nilpotent Jacobson radicals and ACC on ideals (cf. [7,
Corollary 3.18]). In particular, any semisimple Artinian ring is a finite
direct sum of such rings.
4. Torsion Theory Induced by Pairwise Comaximal Ideals
In this section, we develop a preradical γ and its radical closure γ¯ based on
Theorem 2.3. Our main goal is to obtain a decomposition of a given module into a
direct sum of a torsion module and a torsion-free module using the torsion theory
that is developed. The torsion modules are defined to have the decomposition of
Theorem 2.3 or at least essentially contain such a decomposition.
For this section, we need basic terminology and facts of torsion theory. The
definitions and results can be found in [18, Chapter VI] or [1, Chapters I, II]. We
denote the category of all right R-modules by MR.
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Given a nonempty set X of pairwise comaximal ideals of a ring, we define a
preradical γX corresponding to X , and list some basic properties.
Definition 4.1. Let X = {Xi}i∈I be a fixed set of pairwise comaximal ideals of R.
Define γX (M) =
{
m ∈M | ⋂
i∈J
Xkii ⊆ rR(mR) for some nonempty finite subset J ⊆
I and positive integers ki
}
. We omit the subscript X when the context is clear.
Note that γ(M) is a submodule ofM , and if X = {Xi}ni=1 is finite, then γ(M) =∑{N ≤M |
n⋂
i=1
Xkii ⊆ rR(N) for some ki ≥ 1}.
Proposition 4.2. Let {Xi}i∈I be a set of pairwise comaximal ideals of R. Then:
(1) γ is a left exact preradical.
(2) γ(M) = ⊕i∈IC(Xi). In particular, M is pretorsion-free if and only if
ℓM (X
ki
i ) = 0 for each ki ≥ 1.
(3) If either of the following conditions hold:
(a)
( ⋂
i∈J
Xkii
)k
is finitely generated for every nonempty finite subset J ⊆ I,
and k, ki ≥ 1, or
(b) I is finite and for every ki ≥ 1,
( ⋂
i∈I
Xkii
)k
=
( ⋂
i∈I
Xkii
)k+1
for some
k ≥ 1,
then ρ(M) =
{
m ∈M
∣∣∣ ( ⋂
i∈J
Xkii
)n ⊆ rR(mR) for some ki, n ≥ 1 and
nonempty finite subset J ⊆ I}, is the smallest radical larger than γ (i.e.,
ρ = γ¯).
Proof. (1) To show that γ is a preradical let f : M −→ N be an R-module ho-
momorphism, and m ∈ γ(M). Then rR(mR) ⊇
⋂
i∈J
Xkii for some nonempty finite
set J ⊆ I and ki ≥ 1, so
(
f(m)R
)( ⋂
i∈J
Xkii
)
= f
(
m(
⋂
i∈J
Xkii )
)
= f(0) = 0. Thus
f(m) ∈ γ(N). Therefore γ is a preradical. The proof that γ is left exact is straight-
forward.
(2) Since ℓγ(M)(Xi) ⊆ ℓM (Xi) for all i, by Theorem 2.3 we have γ(M) ⊆
⊕i∈IC(Xi). Now letm ∈ ⊕i∈IC(Xi). Then there are a finite set J ⊆ I and positive
integers kj ≥ 1 with mR ⊆ ⊕j∈JℓM (Xkjj ). Hence
⋂
j∈J
X
kj
j ⊆ rR
(⊕j∈JℓM (Xkjj )
) ⊆
rR(mR). So m ∈ γ(M). Therefore γ(M) = ⊕i∈IC(Xi).
(3a) Observe that ρ is a left exact preradical. We show that γ(M/ρ(M)) = 0.
Suppose that
(
kR+ ρ(M)
)
/ρ(M) ≤ γ(M/ρ(M)) for some k ∈M . Then ⋂
i∈J
Xkii ⊆
rR
(
k + ρ(M)
)
for some nonempty finite subset J ⊆ I, ki ≥ 1. Since
⋂
i∈J
Xkii is
finitely generated, so is k
⋂
i∈J
Xkii . Note that k
⋂
i∈J
Xkii ⊆ ρ(M) and k
⋂
i∈J
Xkii finitely
generated imply that there exist a nonempty finite subset J ′ ⊆ I and k′j ,m ≥ 1
such that k(
⋂
i∈J
Xkii )(
⋂
j∈J′
X
k′j
j )
m = 0. Then k(
⋂
i∈J∪J′
Xkii )
m = 0, so k ∈ ρ(M).
Thus kR ⊆ ρ(M). Therefore γ(M/ρ(M)) = 0, so γ(M) ⊆ ρ(M).
The method of proof that ρ is a radical (i.e., that ρ
(
M/ρ(M)
)
= 0) is similar to
the argument above.
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Suppose that τ is a radical containing γ. Consider ρ
(
M/τ(M)
)
. Suppose that
nR/τ(M) ≤ M/τ(M) such that there exist a nonempty finite subset J ⊆ I and
ki,m ≥ 1 for which nR(
⋂
i∈J
Xkii )
m ⊆ τ(M) and nR(⋂
i∈J
Xkii )
m−1 * τ(M). Then
0 6= nR(⋂
i∈J
Xkii )
m−1/τ(M) ⊆ γ(M/τ(M)) = 0, which is a contradiction. Thus
ρ(M/τ(M)) = 0, which implies that ρ(M) ⊆ τ(M). Therefore ρ is the smallest
radical containing γ, so ρ = γ¯.
(3b) The method of proof is similar to that of (3a). 
For example, ifR is a ring such that every maximal right ideal contains a maximal
ideal (for example, if R is a right quasi-duo ring [19]), and if X is the set of maximal
ideals of R, then Soc(M) ⊆ γ(M). Thus, in this case, semisimple modules are γ-
torsion modules.
Next we find conditions on M and R so that M splits or essentially splits in γ
or γ¯. Finding such conditions is of central importance in torsion theory.
We begin with the following technical lemma.
Lemma 4.3. Let M be an R-module such that Z(M) = 0 and let S and K be
submodules of M such that S≤essK. If ℓRrR(S) ⊆ rRrR(S), then rR(S) = rR(K).
Proof. Since annihilation is order-reversing, rR(K) ⊆ rR(S). Let a ∈ rR(S), k ∈ K,
and L = {x ∈ R | kax = 0}. We show that LR≤essRR. Suppose that t ∈ R − L.
Then kat 6= 0. Since S≤essK, there exists v ∈ R such that 0 6= katv ∈ S. If
tvrR(S) = 0, then tv ∈ ℓRrR(S). Hence rR(S)tv = 0, so katv = 0, a contradiction.
So tvrR(S) 6= 0. Then there exists b ∈ rR(S) such that tvb 6= 0. Then katvb = 0.
Thus 0 6= tvb ∈ L, so L≤essR. Hence kaL = 0 implies that ka ∈ Z(M) = 0.
Therefore rR(S) = rR(K). 
From [6], an FI-extending module is a R-moduleM such that every fully invariant
submodule is essential in a direct summand ofM . Observe that for an FI-extending
module γ(M)≤essγ¯(M)≤essD where D is a direct summand of M . Note that
FI-extending modules are quite numerous since every finitely generated projective
module over a semiprime ring has an FI-extending hull which, in general, is properly
contained in its injective hull [9, Theorem 6].
Proposition 4.4. Let M be an FI-extending R-module such that Z(M) = 0. If R
is commutative or semiprime, then M = γ(M) ⊕ F for some submodule F ≤ M
such that γ(F ) = γ¯(F ) = 0.
Proof. Since M is FI-extending, γ(M) is essential in a direct summand, say N .
Recall that in a semiprime ring ℓR(I) = rR(I) for all I E R. Hence ℓRrR
(
γ(M)
)
=
rRrR
(
γ(M)
)
. Similarly, if R is commutative, ℓRrR
(
γ(M)
)
= rRrR
(
γ(M)
)
. From
Lemma 4.3, rR
(
γ(M)
)
= rR(N). By the definition of γ(M), N = γ(M), so γ(M)
is a direct summand ofM . Since γ(F ) = F ∩γ(M), we have that γ(F ) = γ¯(F ) = 0
for any direct complement of γ(M). 
Observe that in Proposition 4.4, γ(M) = γ¯(M), since γ(M) is a closed submodule
(i.e., γ(M) has no nontrivial essential extension) of M .
To illustrate Proposition 4.4, our next result provides a large class of rings for
which every projective module is nonsingular and FI-extending. Recall that an
AW ∗-algebra is a C∗-algebra which is a Baer ring [15, Preface]. For example, any
von Neumann algebra is an AW ∗-algebra.
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Proposition 4.5. If R is a right nonsingular semiprime quasi-Baer ring (e.g.,
right nonsingular prime rings, commutative Baer rings, and AW*-algebras), then
every projective module is nonsingular and FI-extending.
Proof. From [6, Theorem 4.7], R is right and left FI-extending. By [7, Proposition
1.5 and Corollary 3.4], every projective module is FI-extending. Clearly, every
projective module is also nonsingular. 
Our next result is an application of Propositions 4.4 and 4.5 to operator theory.
Corollary 4.6. If R is an AW*-algebra, then every finitely generated Hilbert C*-
module M is nonsingular and FI-extending (thus γ(M) is a direct summand of
M).
Proof. From [11, Theorem 8.1.27 and p.352], every finitely generated Hilbert C*-
module is projective. The remainder of the proof follows from Propositions 4.4 and
4.5. 
Another condition which guarantees an FI-extending module M splits in γ¯ is
that γ be stable. So we look for conditions that ensure stability of γ. The following
proposition gives conditions on R that are sufficient for γ to be stable.
Proposition 4.7. Let {Xi}i∈I be a set of pairwise comaximal ideals of R. If,
for each LR≤essRR, finite set J ⊆ I, and positive integers kj ≥ 1, L
( ⋂
j∈J
X
kj
j
)
=
⋂
j∈J
X
kj
j , then γ is stable and γ = γ¯.
Proof. Assume that γ(M) = M and w ∈ E(M). Then there exist a finite subset
J ⊆ I and positive integers kj ≥ 1 so that
⋂
j∈J
X
kj
j ⊆ rR(wR). Then L = {r ∈
R | wr ∈ M}≤essRR. So w
n⋂
i=1
Xkii = wL
( n⋂
i=1
Xkii
)
= 0. Thus w ∈ γ(E(M)).
Therefore γ is stable. From [18, pp.142, 152–153], γ = γ¯. 
Note that if Soc(RR)
( n⋂
i=1
Xi
)
=
n⋂
i=1
Xi or if
n⋂
i=1
Xi =
( n⋂
i=1
Xi
)2 ⊆ Soc(RR) (e.g.,
if
n⋂
i=1
Xi = 0), then L
( n⋂
i=1
Xi
)
=
n⋂
i=1
Xi for all LR≤essRR.
Proposition 4.8. If M is an FI-extending R-module and the torsion theory asso-
ciated with γ¯ is stable, then M = γ¯(M)⊕ F .
Proof. This result is a direct consequence of [18, p.153, Proposition 7.2]. 
We conclude Section 4 with some examples and an open question regarding the
torsion theory developed.
Examples 4.9. (1) Let R = Tn(A) be the ring of n-by-n upper triangular
matrices with entries in A, where A is a ring with unity, and X = {Xi}ni=1,
where Xi = {(aij) ∈ R | aii = 0} for each i, 1 ≤ i ≤ n. Note that X is a
set of pairwise comaximal ideals in R. Also,
( n⋂
i=1
Xi
)k
= 0 for any k ≥ n.
Hence γ¯(M) =M , so γ(M)≤essM for any right R-module M .
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(2) Let R = Z, and M = Zp∞
1
⊕ Zp∞
2
⊕ · · · ⊕ Zp∞n ⊕ Zω , where each pi is a
distinct prime and ω is any ordinal. Let Xi = piZ for each i, 1 ≤ i ≤ n.
Then γ(M) = Zp∞
1
⊕Zp∞
2
⊕ · · · ⊕Zp∞n . Note that M = γ¯(M)⊕Zω and Zω
is γ¯-torsion free.
Open Question: Characterize the radical closure of γ.
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